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ON CERTAIN DIOPHANTINE EQUATIONS IN RINGS AND FIELDS By 0. B. FAIRCLOTH AND H. S. VANDIVER DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TEXAS
Communicated November 24, 1951 Consider the conditional equation f(xl, * * *, X)
where f is a polynomial in the x's with coefficients in a ring R containing a unity element and the problem of determining the x's as quantities in R. If R is the ring of rational integers or the field of rational numbers, this is a problem in ordinary Diophantine analysis. We first note some a2 results which are obtained by the use of certain identities in rings. BounakkowskyI noted that (using his notation) xmXn + ym yn = zmZn (1) is satisfied identically by, where now R is a commutative ring with a unity element, x = aa y = ba, z = ca, X = b'c, Y = ac, Z = ab, where a, , are rational integers such that ma -nf3 = 1, m and n are relatively prime, and c = a + b with a and b arbitrary elements of R. Also a similar relation may be satisfied involving any number of unknowns. Ward2 showed that the equation, F homogeneous of degree n, F(x1, X2, . . . , xs) = yk; (n, k) = 1, (2) F having coefficients e R, is solvable identicaUy, where the solutions xl, ..., x8, y are certain polynomials with coefficients e R. If R is a field, he showed that all solutions of (2) are given by this method; but if, for example, R is the ring of rational integers, then this is not the case. For example, the solutions or the quantities x,, x2,... , x,, y will in general have a common divisor.
We now consider the equation 
where the left-hand member is the number of sets of solutions of (6). 
. h, i = 1
where ri = hi-di. The right-hand member of (17) is a function of the solution, gal,.,g in the 6's of (15).
We now consider varying di and ml in (16) (1), (2), and (3), if we restrict our R to I. Also, it appears that some, at least, of his results concerning other types of equations still hold if we replace I by R, a commutative ring with a unity element.
1 Bull. Acad. Sci. St. Petersburg, 6, 200-202 (1848) . He gave this result only for the ring of rational integers, but it obviously holds for R as we define it.
2 These PROCEEDINGS, 37, 113-114 (1951) . 3 Ibid., 35, 486 (1949) . However, it is to be noted that in the paper here referred to our problem is of a little bit different type than that which we are considering in the present paper. Although we have formulas for the roots in the latter case, we have no method in general for counting the number of different sets of solutions. The latter problem concerning certain types of equations was also considered by Faircloth, these PROCEEDINGS, 37, 621-622 (1951) . When equation (A) has no constant term, the existence of solutions in a finite field has been considered, using methods quite different from any discussed here, by Chevalley, Abhandl. Math. Seminar Hamburg Univ., 11, 73-75 (1936) ; and by Warning in an article which follows it in the periodical mentioned, pp. 76-83. Cf. also R. Brauer, Bull. Am. Math. Soc., 51, 749-755 (1945) . For calling our attention to the first reference, we are indebted to Dr. Ernst Snapper; for the third, to Dr. H. N. Shapiro.
4 Cipolla, Periodico. di Mat., 22, 36-41 (1907) . For every m in (5a) equal to zero then N reduces to the number of sets of roots of (A), a fortnula known to V. A. Lebesgue, for n = 1, and this was employed to advantage by S. Schwarz, Quart. J. Math., 19, 160-163 (1948) , in order to obtain a theorem concerning the existence of solutions of (6). Cipolla gave (5a) only for n = 1, k = 1, s = 1, but the extension is immediate.
I This Corollary together with the formula (7) give a number of solutions of (6) Recently two independent proofs for the existence of plane cavitational flow have been given by Garabedian and Spencer' and by Schiffer which are based on an extremal property of the free streamlines developed formally by Schiffer several years ago. The object of this note is to present an alternate proof, based on the same extremal property, which seems to be quite elementary and to be better suited for generalization to the discussion of axially symmetric cavitational flow. The method used here depends on approximation of extremal curves by extremal polygons with a bounded number of vertices, and it avoids the variations given in terms of conformal mapping which have been used previously to deduce the analyticity of the extremal curves. The mnethod of polygonal approximation
